Abstract. We find sharp conditions on the growth of a rooted regular metric tree such that the Neumann Laplacian on the tree satisfies a Hardy inequality. In particular, we consider homogeneous metric trees. Moreover, we show that a non-trivial Aharonov-Bohm magnetic field leads to a Hardy inequality on a loop graph.
Introduction
Let Γ be a rooted metric tree of infinite height with root o. We are interested in Hardy inequalities of the form
where ψ > 0 is the so-called Hardy weight and C(Γ, ψ) is a positive constant which might depend on Γ and ψ, but which is independent of u. Evans, Harris and Pick [EHP] found a necessary and sufficient condition such that (1.1) holds for all functions u on Γ such that u(o) = 0 and such that the integral on the right hand side is finite. They consider even the case of non-symmetric Hardy weights. However, due to the existence of harmonic functions with finite Dirichlet integral, the Hardy weights have to decay rather fast. This led Naimark and Solomyak [NS1] to the study of (1.1) for functions in {u ∈ C ∞ 0 (Γ) : u(o) = 0} (and its closure with respect to the Dirichlet integral). For regular trees, see Subsection 2.1 for the definition, they gave a complete characterization of the validity of (1.1) on that class of functions. Note that in both papers the condition u(o) = 0 was imposed. It is clear that without this assumption inequality (1.1) cannot hold for all metric trees. To see this, it suffices to consider Γ = R + as an example.
Our first remark in this paper is that if the tree is regular and grows sufficiently fast, then there are weights ψ such that (1.1) hold for all u ∈ C ∞ 0 (Γ ∪ {o}) (without the condition u(o) = 0). Following the approach in [NS1] we can give a complete characterization of admissible weights and obtain two-sided estimates on the sharp constant C(ψ, Γ) in (1.1). As in the Euclidean case, Hardy weights typically decay like |x| −2 as |x| := dist(o, x) → ∞. The growth of a tree is reflected by its branching function g 0 (t) := # {x ∈ Γ : |x| = t}, t ∈ R + , (1.2) and our condition for the validity of (1.1) is that the reduced height of Γ is finite, i.e.,
These trees are usually called transient.
Our second remark concerns tree with branching function growing faster than any power. As an example of this situation we study homogeneous trees, i.e., regular trees where all the edges have the same length and all the vertices have the same branching number. In this case, the Laplacian is positive definite and one may ask whether (1.1) is still true if we subtract u 2 times the bottom of the spectrum from the right hand side. We prove that this is indeed the case, and give again a complete characterization of all admissible weights. Again the condition u(o) = 0 is not needed.
Our third remark in this paper points out another mechanism that induces a Hardy inequality. This time we consider not a tree, but a halfline with a loop attached. Clearly, for the Laplacian on such a graph no Hardy inequality is valid. We prove that an Aharonov-Bohm magnetic field with non-integer flux through the loop does give rise to a Hardy inequality. This is reminiscent of the Hardy inequality in the two-dimensional punctured plane with an Aharonov-Bohm magnetic field [LW] . 2. Hardy inequalities on regular transient trees 2.1. Preliminaries. In this subsection we would like to recall some basic definitions about trees and fix our notation. We refer, e.g., to [NS2, NS1, S] for details. Let Γ be a rooted metric tree with root o. We denote by |x| the unique distance between a point x ∈ Γ and the root o and always assume that Γ is of infinite height, i.e., sup x∈Γ |x| = ∞. The branching number b(x) of a vertex x is defined as the number of edges emanating from x. We assume the natural conditions that b(x) > 1 for any vertex x = o and that b(o) = 1.
We will assume that Γ is regular, i.e., all the vertices of the same distance to the root have equal branching numbers and all the edges emanating from these vertices have equal length.
Let x be a vertex such that there are k +1 vertices on the unique path between o and x including the endpoints. We denote by t k the distance |x| and by b k the branching number of x. Moreover, we put t 0 := 0 and b 0 := 1. Note that t k and b k are only well-defined for regular trees and that these numbers, in the regular case, uniquely determine the tree.
Let the (first) branching function g 0 be defined by (1.2), or equivalently,
Note that g 0 is a non-decreasing function and that g 0 (t) coincides with the number of points x ∈ Γ such that |x| = t. The rate of growth of g 0 reflects the rate of growth of the tree Γ. More precisely, g 0 measures how the surface of the 'ball' {x ∈ Γ : |x| < t} grows with t. We shall assume that this growth is fast enough in the sense that (1.3) holds. Such trees are called transient or of finite reduced height. The Sobolev space H 1 (Γ) consists of all continuous functions u such that u ∈ H 1 (e) on each edge e of Γ and
Functions in its domain satisfy a Neumann boundary condition at the root and Kirchhoff matching conditions at the vertices x = o.
2.2.
Hardy's inequality on transient trees. Let Γ o := Γ ∪ {o} and denote by C ∞ 0 (Γ o ) the class of infinitely smooth functions on Γ o the support of which is a bounded subset of Γ o . We emphasize that functions in this class do not necessarily vanish at the root. We shall prove Theorem 2.1. Let Γ be a regular metric tree of infinite height and finite reduced height, and let ψ be a measurable, non-negative function on R + . Then the Hardy inequality
is valid if and only if
Moreover, the sharp constant in (2.2) satisfies
It follows from (2.2) that the closure of C ∞ 0 (Γ o ) with respect to (2.1) is a function space and that (2.2) holds for all functions from this closure. In particular, it holds for all u ∈ H 1 (Γ). Let us give a simple Example 2.2. Assume that Γ has global dimension d > 2 (see (1.4)). Then one has
and the decay exponent of the Hardy weight cannot be improved.
Remark 2.3. It is easy to see (and follows from the proof of Theorem 2.1) that no nontrivial Hardy inequality can hold on recurrent trees, i.e., trees for which the integral in (1.3) is infinite. This dichotomy is reminiscent of the Euclidean situation, where a Hardy inequality holds only in three and higher dimensions. Another manifestation of this fact is the validity of a Cwikel-Lieb-Rozenblum inequality for the number of negative eigenvalues of a Schrödinger operator on a tree, see [EFK] . On a recurrent tree a Schrödinger operator has weakly coupled bound states, see [K] .
2.3. Hardy's inequality on homogeneous trees. It is a consequence of (2.2) (with ψ ≡ 1) that the Neumann Laplacian −∆ N is positive definite iff 5) and that one has
Note that condition (2.5) coincides with the corresponding condition for the Dirichlet Laplacian. This is a priori not clear since the spectrum need not be purely continuous.
In the positive definite case it is natural to ask whether the Hardy inequality (2.2) continues to hold if we normalize the right hand side such that its spectrum starts at zero. In other words, can one replace |u ′ | 2 dx by |u ′ | 2 dx−inf spec(−∆ N ) |u| 2 dx? We answer this question affirmatively for a special class of trees. Recall that a regular tree Γ is called homogeneous if all the edges have the same length and if all the vertices have the same branching number b > 1. By scaling we can assume without loss of generality that the edge length equals 1. The branching function has then the form
A homogeneous tree clearly satisfies (1.3) and (2.5). It turns out that the bottom of the spectrum of −∆ N can be calculated explicitly (see [SS] ), namely,
We shall prove Theorem 2.4. Let Γ be a homogeneous metric tree with a branching number b ≥ 2 and edge length 1, and let ψ be a measurable, non-negative function on R + . Then the Hardy inequality (1 + r)
For two-sided estimates on the sharp constant C(b, ψ) in terms of (2.7) we refer to the proof below. In analogy to (2.4) we record
for a homogeneous tree Γ as in the previous theorem.
3. Proof of Theorems 2.1 and 2.4 3.1. Orthogonal decomposition. In this subsection we recall the results of Carlson [C] and of Naimark and Solomyak [NS1, NS2] . For each integer k ≥ 1 we define the k-th branching functions g k : R + → N by
The weighted Sobolev space
and we write
Notice that the operator A 0 satisfies a Neumann boundary condition at t 0 = 0, while the operators A k with k ≥ 1 satisfy Dirichlet boundary conditions at t k .
We call a function V on Γ symmetric if it depends only on the distance from the root. In this case we shall sometimes abuse notation and write V (|x|) instead of V (x). The following statement is taken from [NS2] and [S] .
Proposition 3.1. Let Γ be a regular metric tree and let V ∈ L ∞ (Γ) be symmetric. Then −∆ N − V is unitarily equivalent to the orthogonal sum of operators
times in the orthogonal sum, and V k denotes the restriction of V to the interval (t k , ∞).
3.2.
Proof of Theorem 2.1. Our proof follows closely the approach suggested in [NS1] and is based on the following classical result by Muckenhoupt (see, e.g., [M, Thm. 1.3 
.1/3]).
Proposition 3.2. The inequality
holds for all ϕ if and only if
In this case, the sharp constant S in (3.2) satisfies
Proof of Theorem 2.1. First we note that any function in
In view of the definition of g k and the orthogonal decomposition from Proposition 3.1 we see that inequality (2.2) is valid if and only if
ϕ(s) ds, the necessary and sufficient condition for inequality (3.5) follows from Proposition 3.2 with w = √ g 0 ψ and v = √ g 0 .
3.3. Proof of Theorem 2.4. Let g 0 be the first branching function of a homogeneous metric tree with edge length 1 and branching number b ≥ 2 and let λ b be the bottom of its essential spectrum. Denote by ω the (unique up to a constant multiple) function on R + satisfying in distributional sense
Using the explicit form of ω we showed in [EFK] that √ g 0 ω grows linearly at infinity.
Lemma 3.3. There exist constants 0 < C 1 < C 2 < ∞ (depending on b) such that
Now we can prove a first version of Theorem 2.4.
Proposition 3.4. The Hardy inequality
Moreover, the best constant in (3.9) satisfies
Proof. We know from Lemma 3.3 that ω(t) > 0 for all t ∈ R + . Therefore we can write any function f ∈ H 1 (R + , g 0 ) as a product f = ωϕ. Integrating by parts between the points of discontinuity of g 0 and using (3.6), (3.7) we arrive at the ground state representation
Similarly as in the proof of Theorem 2.1 we apply Proposition 3.2 with v 2 = ω g 0 and w 2 = ψω 2 g 0 and obtain inequality (3.9) with the claimed bounds on the constant.
Proof of Theorem 2.4. By the same argument as in the proof of Theorem 2.1, inequality (2.6) is equivalent to the inequality
By Proposition 3.4 and Lemma 3.3 the latter holds if and only if sup r>0
(1 + r)
as claimed.
4.
A loop graph with an Aharonov-Bohm magnetic field 4.1. Hardy's inequality on a loop graph. Let Γ = Γ 1 ∪ Γ 2 be the graph embedded in R 2 consisting of the circle
around the origin of radius 1 and the half-line
If u is a function on Γ we denote its restrictions to Γ 1 and Γ 2 by u 1 and u 2 . For a ∈ L 2 (Γ 1 ) we consider the operator H a in L 2 (Γ) defined by the quadratic form
This operator describes a particle on Γ subject to an Aharonov-Bohm magnetic field in the circle Γ 1 with flux
It is easy to see that the Laplacian on Γ, i.e., H 0 , does not satisfy a (non-trivial) Hardy inequality. We shall prove in this section that the situation is different for non-integer flux α. To state our result we need Lemma 4.1. Let 0 < α ≤ 1/2. Then there is a unique solution λ = λ * (α) of the equation
It is easy to see that λ * (α) is increasing with respect to 0 < α ≤ 1/2 and that lim α→0 λ * (α) = 0. Numerically, one finds λ * (1/2) = 0.1735.
Proof. Denoting the right hand side of (4.2) by h(λ), one checks that
which implies the assertion for α = 1/2. For 0 < α < 1/2 one notes in addition that
In the following we extend λ * (α) to an even, 1-periodic function on R. This function appears in the following Hardy inequality.
where ψ(θ) := 1 if e iθ ∈ Γ 1 and ψ(r) := r −2 if (r, 0) ∈ Γ 2 . The constant λ * (α) is sharp.
The proof of this inequality is relatively long and we break it into several steps. Lemma 4.3. Let 0 < α ≤ 1/2. There is a non-trivial function ω on Γ such that
Moreover,
(1) If 0 < α < 1/2, then ω(x) = 0 for all x ∈ Γ, and if α = 1/2, then ω(x) = 0 iff
The function ω 2 on Γ 2 is real-valued, and the function j := Re
.
Proof. Solving the equations separately on the circle Γ 1 and on the halfline Γ 2 and normalizing the functions to the value 1 at the vertex we find that (with λ * (α) = µ 2 ) ω 1 (θ) = Ae iθ(α+µ) + (1 − A)e iθ(α−µ) , A = e −2πiα − e −2πiµ 2i sin(2πµ) , ω 2 (r) = r β , β = 1 − 1 − 4µ 2 2 .
The matching condition for the derivatives is exactly the equation (4.2) defining λ * (α). Noting that |ω 1 (θ)| 2 = 2 sin(π(α − µ)) sin(π(α + µ)) sin 2 (2πµ) (B − cos(2µ(θ − π))) where B := sin 2 (π(α − µ)) + sin 2 (π(α + µ)) 2 sin(π(α − µ)) sin(π(α + µ)) , we see easily that ω 1 (θ) vanishes only when α = 1/2 and θ = π. Moreover, for 0 < α < 1/2 we find In the last step we used trigonometric identities to simplify the expressions for B ± 1. It is elementary to check that Re ω 1 (−i d dθ − α)ω 1 is constant and has the value given in the lemma.
Next we derive a ground state representation formula. Note that an additional term appears in the magnetic case.
Lemma 4.4. Let 0 < α ≤ 1/2 and let ω and j be as in Lemma 4.3. Let u ∈ H 1 (Γ) and, in case α = 1/2, assume that u 1 (π) = 0. Then with v := ω −1 u,
we can write u s = vω and apply Lemma 4.4. Note that j = 0 for α = 1/2, which proves (4.6). That the constant λ * (1/2) is sharp follows again by letting v approach the constant function. This concludes the proof of the theorem.
